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TOM TAT

Trong bai bdo nay chung tdi sit dung khai niém cta ham kha vi theo huéng dé
thiét 1ap diéu kién can va du t6i wu cho nghiém hitu hiéu yéu kiéu Kuhn-Tucker
ctia bai toan can bang vecto cé rang budc tap va nén. Dau tién ching t6i chiing
minh ham kha vi theo hudng 14 16i theo nén dudi gia thiét vé tinh 16i tong quat.
Tiép theo chung t6i cung cap diéu kién can va du t6i wu cho nghiém httu hiéu yéu
ctia bai todn can bang vecto c¢6 rang budc trong cac truong hop cac ham muc tiéu

kha vi theo hudng va kha vi Gateaux.

Tw khéa: Bai toan can bang vecto c6 rang budc; Kha vi theo hudng; Kha vi

Gateaux; Nghiém httu hiéu yéu.

1. MO PAU

Hién nay cac diéu kién t&i wu cho bai todn can bang vecto cung véi cac truong
hop déc biét ctia n6 da duoc nhiéu tac gia quan tim nghién cttu, xem, chang han [1-6]
va cac tham khao trong d6. F. Giannessi, G. Mastroeni va L. Pellegrini [1] da nghién
ctru bai todn bat dang thitc bién phan vecto ¢ rang budc bang cach quy vé truong hop
bai toan khéng c6 rang budc; Xun-Hua Gong [4] thu dugc cac diéu kién t6i vu nghiém
httu hiéu yéu, htru hiéu Henig, httu hiéu toan cuc va siéu hitu hiéu cho bai toan can
bang vecto duwdi gia thiét vé tinh 16i tdng quat; Zhen-Fe Wei va Xun-Hua Gong [5]
cung cap cac diéu kién t6i wu kiéu Kuhn-Tucker cho cac loai nghiém htru hiéu cta bai
toan can bang vecto bang cach dung dinh 1y tach cac tap 16i roi nhau; X-H. Gong, W.T.
Fu va W. Liu [6] nhan duoc diéu kién t&i vu cho nghiém siéu httu hiéu cta bai toan can
bang vecto trong khong gian vecto top6 16i dia phuwong, v.v... Trong cac cong trinh
nghién ctru dugc mo ta bén trén ta thdy con c6 mot sd van dé ton dong khi nghién ctu
diéu kién t&i wu cho nghiém hiru hiéu yéu ctia bai toan can bang vecto cé rang budc d6
la s& dung khai niém cua ham kha vi theo hudéng dé€ nghién ctru diéu kién t6i wu.
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Bai bdo duoc t6 chitc nhu sau: Sau phan Gidi thiéu chiing t6i cung cap mot s6
khai niém vé ham 16i tong quat, ham kha vi theo hudéng, ham kha vi Gateaux lam co so
cho viéc thiét 1ap két qua vé diéu kién can va du tdi wu cho nghiém hiu hiéu yéu kiéu
Kuhn-Tucker ctia bai todn can bang vecto cé rang budc tap va nén; mot sd vi du cling
duoc dé cap cho két qua nhan duoc. Cudi cung la mot sy két luan cho két qua thu
duoc.

2. KIEN THUC CHUAN BI
Xuyén sudt bai bdo nay, néu khong néi gi thém thi ta ky hiéu X, Y va Z 1a cac
khong gian topd tuyén tinh thuc, trong d6 Y va Z dugc sap thit tw boi mot nén 16i
déng nhon ¢6 phan trong khac rdng C va K, tuong tng. Cho X, 1a mot tp con khac
rong ctia X. Mot song ham F: X, x X, — Y thoaman F(X,, X,) =0 VX, € X,, va mot
ham rang budc g: X, > Z. Dat
S={xeX,: gx) e-K}

va goi S la tap chap nhan duwoc hay tap rang budc ctia bai todn can bang vecto cé rang
budc tap va non. Truong hop rang budc nén trong mot s6 tai liéu nguoi ta con goi la
rang budc bat dang thirc tong quat.
Goi Y™ va Z" Tan luot 1a cac khong gian d6i ngau topd ciia Y va Z. Nén ddi ngau caa
C va K duoc dinh nghia terong tng boi

C'={feY:£(c)=0 VceC},

Kt={nezZ:nk) >0 VkeK}.
Bai toan can bang vecto ¢ rang budc trong bai bao nay duoc ky hiéu la CVEP va dinh

nghia nhu sau: Tim mot vecto X e S sao cho
F(x, X)—intC VvxeS. (1)
Vecto X €S thoa man (1) duoc goi la mot nghiém hitu hiéu yéu cta bai toan CVEP.

Tiép theo chuing ta nhac lai mot s6 khai niém can thiét cho nghién ctu diéu kién can va
du tdi wu cho nghiém httu hiéu yéu cta bai toan CVEP.

Dinh nghia 2.1 ([4]) Cho X, < X 1a mdt tap [6i khac rong. Mot ham f : X, —>Y duoc
goi la C-16i trén X,, néu véimoi X,y € X,, t€[0, 1] ta c6

tf(x)+(@1-t)f(y) e f(tx+(@Q-t)y)+C.
Pinh nghia 2.2 ([3]) Cho X, Y 1a cac khong gian topd tuyén tinh thuc; X, < X la mot

tap con khac rong; f: X, —Y la mot anh xa va diém Xe X,
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(a) V6imdi he X, néu gisi han sau:

— oy T (xathy— ()
Df (x)(h) = tILrp+ "

ton tai thi ta ndi Df ()_()(h) la dao ham theo hudng cua f tai diém X theo hudng h. Néu
gidi han nay ton tai voi moi h e X, thi f dugc goi la kha vi theo hudng tai diém X.

(b) Véi mdi x € X, vamoi he X, néu gidi han sau:

Df ()_()(h) _lim f(x+th)— f(x)

t—0 t
ton tai va Df ()_() : X >Y la mdt anh xa tuyén tinh lién tuc, thi Df ()_() goi la dao ham
Gateaux cua f tai diém X. Trong treong hop nay, ham f dwoc goi la kha vi Gateaux tai
diém X.
Nhan xét 2.1 D& dang thy ring néu f kha vi Gateaux tai diém X thi n6 kha vi theo
huéng tai di€m d6. Tuy nhién, chiéu nguoc lai sé khdng dung bang cach xét ham sg
thuc f:R >R véi f(X)=|X (VxeR) tai x=0.

3. KET QUA MOI CUA BAI BAO
Pau tién chung toi cung cap cac b6 dé sau lam co sd cho chiing minh dinh ly
chinh.
B6 dé 3.1 Cho X, Y la cdc khdong gian topd tuyén tinh thwe va X, 1a mot tap con 16i
khac rong ctia X. Gia st C 1a mot nén 16i dong trong Y va f: X, —Y kha vi theo
hudng tai moi diém Xe X,. Khi d6, néu f1a C-16i trén X, thi
fO)—f(y)-Df (Y)(x-y)eC Vx,yeX,.
Chitng minh: Gia st fla C-16i trén X, va ¢S dinh X,y € X,. Véimoi t €(0, 1), ta ¢
tf(x)+(1-t)f(y)e f(tx+(1-t)y)+C

fy)- OO ¢
L&y gidi han khi t — 0+, va st dung tinh dong ctia nén C ta dwgc

o f(x) -

£(0) - ()~ lim TV =TG) o

t—0+ t

Theo dinh nghia ham kha vi theo hudng, ta suy ra

f(x)—-f(y)-Df (y)(x-y) eC.
Diéu phai chiing minh. [
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B dé 3.2 Cho X, Y 1a cdc khong gian topd tuyén tinh thuyc. Gia st rang ham
f: X —>Y laC-16iva f kha vi theo hudng tai X € X. Khi d6 4nh xa
Df (x): X =Y
la C- 16i.
Chitng minh: Véi moi X,ye X, te(0,1], 4,1 €[0,1] véi A+ u=1. Theo tinh C- 16i

cua ham f ta cé biéu dién sau:

Gt ay) - £ () FAGHR+u(xty) - F(X)

t t
. AF(X+tX) + 1 f (X +ty)— 1=(>‘<)_C
t
ﬂ[f(>_<+tx)— f(>_<)]+y[f(>_<+ty)— f(i)]
- t _
. f(§+txt)— f(>_<)+ﬂ f(>_(+tyt)— f(i)_c_

Cho t - 0+ va st dung tinh déng ctia nén C ta nhan duoc

fim f(X+t(AX+ wy)) — f (X) lim f(>'<+tx)—f(>_<)+ﬂ“m f(>_<+ty)—f(§)_c'

50+ t 50+ t 50+ t
Theo dinh nghia dao ham theo hudng ctia ham f tai X e X , suy ra
ADF (X)(X) + uDf (X)(y) € Df (X)(Ax+ uy) +C.
Ap dung Pinh nghia 2.1, ta suy ra diéu can chitng minh. [J
Truong hop cac ham muc tieu F, g la kha vi theo hudéng tai diém X e S, mot

iéu kién can va du t6i wu cho nghiém hitu hiéu yéu cta bai toan cO thé duoc
diéu k du téi wu ch h hittu h bai t CVEP ¢6 thé duo
phat biéu nhu sau.

Pinh Iy 3.3 Giast xeS, F.()=F(x,.) — Ylaham C-15i trén X,, g 1a ham
K —16i trén X, va ton tai X, €S sao cho Dg(?()(xi —)_() e—intK. Gia st thém rang C
va K 1a cac nén 16i déng nhon c6 phan trong khéc rdng trong Y va Z, twong ting va
cac anh xa F;, g 1a kha vi theo hudng tai diém X. Khi do, vecto X 1a mot nghiém hiru
hiéu y&u ctia bai toan CVEP khi va chi khi ton tai (y", 27)eC" xK" véi y"#0 thoa
man

z'(9(x)) =0,

r;nlxrg [y*ODF;(x) +2,Dg (x)](x — x) =0.
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Chirng minh.
DPiéu kién cin. St dung gia thiét két hop vdi két qua thu duoc trong B6 dé 3.2, ta
khéng dinh ring DF.(x)(x—x) 1a C—1Idi trén X, va g(x)+Dg(x)(x—x) 1a K -Ii
trén X, . Ta chitng minh hé bao ham thitc sau khong c6 nghiém trong X :
DF. (X)(x—x) € —intC
g(X) +Dg(xX)(x=X) e —intK
Nguoc lai, ta gia st rang ton tai X € X, théa man hé
DF. (x)(x—X) € —intC
g(x) + Dg(x)(x—x) € —int K

F(x+tx=)) - F. ()
lim e—intC
t—0+ t
@ f— f— f—
- g(x+t(x—x))—g(x) _
g(x)+tI|rOn " e—intK

Vi intC va intK 1a cdc tp mo nén ton tai t, € (0, 1) thoa man
F (X (=) )= F,(9
1

g (X+t,(x=%))-9(9)
t0

e—intC

e—intK

g(x)+

Hé bao ham thitc trén kéo theo
g (>"<+t(x—>'<)) e—intK +(1—t,)g(x).
Do xe$ tacd g(X) e—K < (l—to)g()_() e —K. Ngoai ra, vi K la mét nén 16i c¢6 phan
trong khong rong nén dé dang thay rang
intK+K =intK.
Heé qua la,
g(>_(+t0(x—>_())e—intK. )
Boi vi X, la mot tap con 16i va X, X € X,, t, € (0,1) nén tit (2) suy ra

X+1t,(x—X) €. ©)
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Mit khac, F.(x)=0 va t,intC =intC, taco
F (>_(+t0(x—>_<))e—intC. (4)

Két hop (3) va (4) suy ra Xxe S khéng 1a mot nghiém hiru hiéu yéu ctia bai todn CVEP
(mdt sy mau thuan!). Do d6, hé bao ham thtec sau khong thé cé nghiém trong X, :
DF. (x)(x—x) € —intC

g(X) + Dg(X)(x=X) e —intK_
biéu nay nghia la
DF. (X)(X, —)_()x(g()_()+ Dg (X)(X, —i))n(—intc)x(—int K)=¢.
Do do¢,
(DF;(;Q(XO —)_()+C)><(g(>_()+ Dg (X)(X, — X) + K)ﬂ(—intC)x(—int K)=¢.
That vay, gia st nguoc lai, ton tai X, € X,, c€C va k € K sao cho
DF. (X)(X, —X)+C € —intC
g(x)+ Dg(x)(x, — X) +k e —intK
DF. (X)(X, —X) € —intC —¢
= A _ _
g(x)+Dg(x)(x, —x) e —intK —k
DF. (X)(X, —X) € —intC
= _ — _
g(x)+Dg(x)(x, —x) e —intK
bdi vi
—intC—-cc—-intC-C=-intC

va
—intK-kc—-intK—K =—intK.

Khéng dinh trén kéo theo

DF. (})(X, —)_()x(g()_<)+ Dg(X)(X, —i))m(—intc)x(—int K)=g,
mot sw mau thuan! Mit khac, theo khang dinh ban dau ta co (DF; ()_()(X0 —)_() +C) va
(g()_() + Dg ()_()(XO —X)+ K) la cac tap 16i nén tich ctia chiing cling 1a mot tap 16i. St
dung dinh ly tach cac tap 16i roi nhau, ta tim duoc (y*, Z*) eY ' xZ" véi
(y*, Z*) ;t(O, 0) sao cho
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<y, —c>+<7',~k><<y", DF.(X)(X—X) >+< 2", g(X)+ Dg(x)(x—x) +k >
véimoi ceC, ke K, xe X,.
Diéu nay dan dén két qua hién nhiénsau: y' eC*, z e K* va
0<<y’, DE.(X)(x—X)>+<2", g(X)+Dg(x)(x—x) > Vx e X,
Chon X = X ta dugc <7, g()_() >>0. Laivi Z e K", g()_()e—K, suy ra
<7, g(x)><0 < <7", g(x) >=0.

Theo gia thiét ban dau: ton tai X, € S sao cho Dg ()_()(X1 —)_() e—intK tasuyra y #0.
Diéu nay ciing dan dén két qua thu duoc cho diéu kién can.

biéu kién du. St dung BS dé 3.1, ta suy ra hé sau dung véi moi X € X, :

{Fx(x) ~DF. (x)(x-x) €C,
9(0-9()-Dg((x-x) K
Hé quala: véimoi Xe X, tacod
<Y, E(X)>+<2, g(x)>> min [y*ODF;()_Q(x—}) +27,Dg(X)(x —>_<)] =0. (5
Do do, xe$ la mot nghiém httu hiéu yéu cho bai toan CVEP. That vay, gia st trai lai
v6i khang dinh nay rang, ton tai X, € S sao cho
F (%) € —intC,
suy ra
<y, E(%)><0. (6)
Khong kho d€ thay rang
<7, g(x,) ><0. 7)
Cong (6) va (7) vé€ theo vé€ ta duoc
<y, E(%)>+<Z", g(x) ><0,
mot sy mau thuan véi (5).
Dinh ly duoc chting minh day dua. [

Nhan xét 3.4 Diéu kién cadc nén C va K ¢ phan trong khac rong trong Dinh 1y 3.3 1a
khong thé bo qua duoc. Trong truong hop nén C c6 phan trong bang rong, nghiém X
phai dueoc dinh nghia dudi moét loai nghiém khac 1a nghiém hitu hiéu ctua bai toan
CVEP va ltic nay huéng nghién ctru diéu kién t6i wu ctia bai todn can bang vecto ciing
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sé khéc di, boi vi ching ta khong thé st dung dinh ly tach thong thuwong duoc. Diéu
kién intK #¢ dam bao diéu kién chinh quy théa man va trong truong hop nay tap
chdp nhan duoc S ={x € X,: g(x) € -K} ludn khac rong, boi vi g 1a ham 16i theo nén
K. Do d¢, gia thiét g la ham K —16i trén tap 16i X, phai duoc dam bao. Ngoai ra, dé€
ap dung Bo dé 3.2, tinh C —16i trén X, cua ham F.(.): X; =Y cling phai dugc thoa
man. Chu y rang, treong hop bai toan can bang vecto khong tron trong d6 cac ham
muc tiéu khong 16i, chung ta cd thé st dung cong cu hién dai hon dé€ nghién ctru diéu
kién can va du t6i uu cho nghiém httu hiéu yéu cho bai toan CVEP ¢6 thém rang budc
dang thitc, chang han nhw chung ta cé thé st dung cac ngon ngit ctia dao ham tiép lién
(Contingent  Derivatives), trén/ dudi dao ham ti€p lién (Contingent
Epiderivatives/Hypoderivatives), dao ham Studniarski, dao ham theo hudng kiéu
Pales-Zeidan, dao ham theo hudéng Hadamard, duwdi vi phan suy rong
(Convexificators), dudi vi phan Clarke, dudi vi phan Michel-Penot, dwdi vi phan
Mordukhovich, tinh chinh quy metric va su doc lap tuyén tinh ctia cac dao ham
Fréchet, v.v...

Truong hop cadc ham muc tiéu F;, g la kha vi Gateaux tai diém Xe S, ta cling
thu duwgc mot diéu kién can va du t6i wu cho nghiém hitu hiéu yéu cta bai toan CVEP
va co thé duoc mo ta nhw sau.

Pinh Iy 35 Giast xeS, F.()=F(x,.)% — Y1aham C-15i trén X,, g 1a ham
K —16i trén X, va ton tai X, €S sao cho Dg 6()()(1 —X) e—intK. Gia st thém rang C
va K 1a cdc nén 16i déng nhon c6 phan trong khac rong trong Y va Z, tuong tng va
cac anh xa F;, g la kha vi Gateaux tai di€m X. Khi do, vecto X 1a mot nghiém hitu
hiéu y&u ctia bai toan CVEP khi va chi khi ton tai (y", 27)eC" xK* véi y"#0 thoa
man
2'(9(x) =0,
rxrelg(?[y*oDF;(i) +2",Dg ()_()](X—)_() =0.
Chitng minh. Két qua thu dugc ctia Dinh ly 3.4 trén dya vao Dinh ly 3.3 va Nhan xét
2.1. Biéu phai chiing minh. [
Vidu3.6 Xét X =R?,Y=Z=R,C=K=R,, x=(0,0), X,={(xy)eX: x*+y?<1}.
Cicanhxa F, g: X; >R duwoc xdc dinh [an lwot boi
F (6 y) =y V(xy) € X,,
g(x,y)=[y|-x ¥(x.y) € X,.

Ta dé dang tinh duoc
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SE

S={(xy) e X, : ly|<xFc{(xy) e R: 0<x<1 — 2 Sysg},

DF.(x)(x, ¥) =|y|, Dg(x)(x,y)=|y|-x.

Do dé, tat ca cac gia thiét caa Dinh ly 3.3 duoc thoa man va hon nita, X = (0,0) 1a mot

nghiém htru hiéu yéu cua CVEP.

Chon y =1, z =0 va ta tinh dwoc

min| y',DF, (x)+2',Dg(x) |((x.y) ~x) =min|y| =0.

biéu nay két thuc viéc kiém tra.

Chu y 3.6 Diéu kién t0i wu trong cac Dinh ly 3.3 va 3.5 trén la thudc kiéu Kuhn-Tucker
boivi y #0.

4. KET LUAN

Két qua dat duoc trong bai bao nay la méi va cac két qua thu duoc nay 1a co s

dé€ nghién ctu tng dung cho diéu kién can va du t6i wu cua bai todn bat dang thiic

bién phan vecto ¢ rang budc, bai toan t6i wu vecto ¢d rang budc va mot s6 mo hinh

kinh t& ky thuat khac véi cac ham kha vi theo hudng trong khong gian v6 han chiéu.

Két qua thu duoc trén cling duoc sit dung cho viéc thiét ké thuat toan tim nghiém toi

uu cho bai todn can bang vecto cé rang budc trong twong lai.
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ABSTRACT

In this paper, we use the concept of directionally differentional function for
establishing the Kuhn-Tucker type necessary and sufficient optimality conditions
for weakly efficient solutions of vector equilibrium problems with constraints
involving cone and set constraints. We first prove that the directionally
differentional function is cone-convex under the assumptions on general convexity.
We then obtain the necessary and sufficient optimality conditions for weakly
efficient solutions of constrained vector equilibrium problem in the cases of

directionally and Gateaux differentionals.

Keywords: Vector equilibrium problems with constraints; Directionally

differentional; Gateaux differentional; Weakly efficient solutions
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